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FULL MODEL EQUATIONS 

Renal Vasculature  

The glomeruli are modeled in parallel, and in series with the preafferent (interlobar, interlobular, 

and arcuate arterioles) and peritubular vasculature. Glomerular capillary resistance is assumed 

negligible. Thus, renal vascular resistance RVR is given by: 



 RVR = Rpreaff +
(𝑅𝑎𝑎+𝑅𝑒𝑎)

𝑁𝑛𝑒𝑝ℎ𝑟𝑜𝑛𝑠
+ 𝑅𝑝𝑒𝑟𝑖𝑡𝑢𝑏𝑢𝑙𝑎𝑟  Eq. A1 

Rpreaff and Rperitubular are lumped resistances describing the total resistance of preafferent and 

peritubular vasculatures, respectively, while Raa and Rea are the resistances of a single afferent or 

efferent arteriole, as determined from Pouiselle’s law, based on the arteriole’s diameter d, length 

L, and blood viscosity µ: 

 𝑅𝑎𝑎 =
128µ𝐿𝑎𝑎

𝜋𝑑𝑎𝑎
4  ;      𝑅𝑒𝑎 =

128µ𝐿𝑒𝑎

𝜋𝑑𝑒𝑎
4   Eq. A2

  

Nnephrons is the number of nephrons. All nephrons are assumed identical, and the model does not 

account for spatial heterogeneity.  

Renal blood flow (RBF) is a function of the pressure drop across the kidney and RVR, according to 

Ohm’s law: 

 𝑅𝐵𝐹 =
𝑀𝐴𝑃−𝑃𝑟𝑒𝑛𝑎𝑙−𝑣𝑒𝑖𝑛

𝑅𝑉𝑅
+

𝐺𝐹𝑅(
𝑅𝑒𝑎

𝑁𝑛𝑒𝑝ℎ𝑟𝑜𝑛𝑠
)

𝑅𝑉𝑅
 Eq. A3 

Renal venous pressure (Prenal-vein) is treated as constant. The second term in this equation accounts 

for lower flow through the efferent arterioles due to GFR. As an approximation, all filtrate is 

assumed reabsorbed back into the peritubular capillaries, so that peritubular flow is the same as 

afferent flow.  

Pgc is determined according to Ohm’s law:  

 Pgc = MAP − RBF ∗ (Rpreaff + Raa/Nnephrons) Eq. A4 



Determination of MAP, PBow and πgo-avg are described later. 

Single nephron glomerular filtration rate (SNGFR) is defined according to Starling’s equation, 

where Kf is the glomerular ultrafiltration coefficient, Pgc is glomerular capillary hydrostatic 

pressure, PBow is pressure in the Bowman’s space, and πgo-avg is average glomerular capillary 

oncotic pressure. 

                                                  ( )avggoBowgcf PPKSNGFR −−−=                                                   Eq. A5 

The total GFR is then the SNGFR multiplied by the number of nephrons: 

 
nephronsNSNGFRGFR =

 Eq. A6 

Glucose filtration, reabsorption, and excretion 

Glucose is filtered freely through the glomerulus, so that single nephron filtered glucose load is: 

  𝛷𝑔𝑙𝑢,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 = 𝑆𝑁𝐺𝐹𝑅 ∗ 𝐶𝑔𝑙𝑢  Eq. A7 

where Cglu is the plasma glucose concentration.  

Glucose reabsorbed in the S1 and S2 segments is given by: 

 𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠.𝑠12 = min (𝛷𝑔𝑙𝑢,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑, 𝐽𝑔𝑙𝑢,𝑆12 ∗ 𝐿𝑝𝑡,𝑆12) Eq. A8 

where Jglu,S12 is the rate of glucose reabsorption per unit length of the S1 and S2 segments 

together, and Lpt,S12 is the length of the PT S1 and S2 segments together. Similarly, glucose 

reabsorbed in the S3 segment is given by:  

 𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆3 = min (  J𝑔𝑙𝑢,𝑆3 ∗ 𝐿𝑝𝑡,𝑆3, 𝛷𝑔𝑙𝑢,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 − 𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆12) Eq. A9 



Any unreabsorbed glucose then flows through the rest of the tubule and is ultimately excreted, 

so that the rate of urinary glucose excretion (RUGE) is: 

 𝑅𝑈𝐺𝐸 =  Φglu,out−PT =  𝛷𝑔𝑙𝑢,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 −  𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆12 −   𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆3 Eq. A10 

 

Glucose reabsorption occurs exclusively in the PT through Na+ glucose cotransporters (SGLT). 

SGLT2 in the S1 and S2 segments of the PT reabsorbs 90-97% of filtered glucose, while SGLT1 in 

the S3 segment reabsorbs the remaining 3-10%(39-43). At high plasma glucose concentrations, 

filtered glucose can exceed the kidney’s capacity for reabsorption, and the excess glucose is 

excreted. Jglu,S12 and Jglu,s3 represent the number and function of SGLT2 and SGLT1 transporters 

respectively. The values were determined such that 95% of filtered glucose is reabsorbed in the 

S1 and S2 segments, while the remaining glucose was reabsorbed in the S3 segment, and so that 

all glucose is reabsorbed and urinary glucose excretion is zero for blood glucose concentrations 

up to 9 mmol/l(44).  

 

Na+ filtration and reabsorption in the PT 

Similarly to glucose, Na+ is freely filtered across the glomerulus, so that the single nephron filtered 

Na+ load is given by:  

 ΦNa,filtered = 𝑆𝑁𝐺𝐹𝑅 ∗ 𝐶𝑁𝑎                         Eq.A11

  



where CNa is the plasma Na+ concentration. 

The rate of Na+ reabsorption through SGLT2 equals the rate of glucose reabsorption in the S1 and 

S2 segments, since SGLT2 reabsorb sodium and glucose at a 1:1 molar ratio: 

 ΦNa,reabs−SGLT2 = 𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆12 Eq. A12 

The rate of Na+ reabsorption through SGLT1 is twice the rate of glucose reabsorption in the S3 

segment, since SGLT1 reabsorb sodium and glucose at a 2:1 molar ratio: 

 ΦNa,reabs−SGLT1 = 2 ∗ 𝛷𝑔𝑙𝑢,𝑟𝑒𝑎𝑏𝑠,𝑆3 Eq. A13 

Total PT Na+ reabsorption is then given by: 

 ΦNa,reabs−PT = 𝛷𝑁𝑎,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 ∗ (𝜂𝑁𝑎,𝑟𝑒𝑎𝑏𝑠−𝑃𝑇,𝑁𝐻𝐸3 + 𝜂𝑁𝑎,𝑟𝑒𝑎𝑏𝑠−𝑃𝑇,𝑜𝑡ℎ𝑒𝑟) + ΦNa,reabs−SGLT2 +

ΦNa,reabs−SGLT1  Eq. A14 

where ηNa, reabs-PT,NHE3 and ηNa, reabs-PT,other are the fractional rates of PT sodium reabsorption through 

NHE3, and through mechanisms other than SGLT2 and NHE3. Na+ flow rate out of the PT is then: 

 ΦNa,out−PT = 𝛷𝑁𝑎,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 − ΦNa,reabs−PT  Eq. A15 

 

For the remaining nephron segments, we approximate Na reabsorption in each segment as distributed 

uniformly along the length, and the rate of reabsorption per unit length is formulated so that the degree of 

flow-dependence can be varied. For a given segment, the nominal rate of reabsorption per unit length ri,0 is 

given by the following, where  η is the baseline fractional rate of reabsorption, ΦNa,0(0) is the rate delivered 

to the segment under baseline conditions, and L is the segment length.  



 𝑟𝑖,0 =
𝜂𝑖ΦNa,i0(0) 

𝐿𝑖
 Eq. A16 

where i is the ascending LoH (ALH), DCT, or CNT/CD.  

The actual rate per unit length ri is then the nominal rate augmented by a flow-dependent component, as 

shown in Eq 17. The coefficient B determines the degree of flow-dependence: for B=0, there is no flow 

dependence; for B=1, changes in reabsorption are directly proportional to flow.  

 𝑟𝑖 = 𝑟𝑖,0 +
𝐵𝑖𝜂𝑖(ΦNa,i(0)−ΦNa,i0(0))

𝐿𝑖
   Eq. A17 

Na flow along each segment is then: 

 Φ𝑁𝑎,𝑖(x) = ΦNa,i(0) − ri𝑥 Eq. A18 

ΦNa,i(0) is obtained from the Na flow out of the preceding tubule segment. 

 

Water Reabsorption along the tubule 

Water reabsorption in the PT is isosmotic. Therefore, water leaving the PT and entering the loop 

of Henle is given by: 

 𝛷𝑤𝑎𝑡𝑒𝑟,𝑜𝑢𝑡−𝑃𝑇 = 𝛷𝑤𝑎𝑡𝑒𝑟,𝑖𝑛−𝐷𝐶𝑇 =  𝑆𝑁𝐺𝐹𝑅 ∗
𝛷𝑜𝑠𝑚,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑

𝛷𝑜𝑠𝑚,𝑜𝑢𝑡−𝑃𝑇
 Eq. A19 

where filtered osmolytes include both sodium and glucose: 

 𝛷𝑜𝑠𝑚,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 = 2 ∗ 𝛷𝑁𝑎,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 +  𝛷𝑔𝑙𝑢,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 Eq. A20 

 𝛷𝑜𝑠𝑚,𝑜𝑢𝑡−𝑃𝑇 = 2 ∗ 𝛷𝑁𝑎,𝑜𝑢𝑡−𝑃𝑇 +  𝛷𝑔𝑙𝑢,𝑜𝑢𝑡−𝑃𝑇 Eq. A21 



In the loop of Henle (LoH), water is reabsorbed in the water permeable descending LoH (DLH) due 

to the osmotic gradient created by actively pumping sodium out of the water-impermeable 

ascending limb (ALH). The osmolality along the length of the DLH OsmDLH, which is assumed in 

equilibrium with the osmolality in the surrounding interstitium OsmIS, is given by:  

 𝑂𝑠𝑚𝐷𝐿𝐻(𝑥) = 𝑂𝑠𝑚𝐼𝑆(𝑥) = 𝑂𝑠𝑚𝐷𝐿𝐻(0)𝑒
𝑟𝐴𝐿𝐻𝑥

𝛷𝑤𝑎𝑡𝑒𝑟,𝑖𝑛−𝐷𝐶𝑇𝑂𝑠𝑚𝐷𝐿𝐻(0) Eq. A22 

Here, x is the distance along the tubule length, and RALH is the rate of sodium reabsorption per 

unit length in the ascending loop of Henle (Eq. A17). Water flow through the DLH is then given by:  

 Φ𝑤𝑎𝑡𝑒𝑟,𝐷𝐿𝐻(𝑥) =
Φ𝑤𝑎𝑡𝑒𝑟,𝐷𝐿𝐻(0)𝑂𝑠𝑚𝐷𝐿𝐻(0)

𝑂𝑠𝑚𝐷𝐿𝐻(𝑥)
 Eq. A23 

The ALH and the distal convoluted tubule (DCT) are modeled as impermeable to water, so that 

the flow through these segments equals the flow out of the DLH: 

 Φ𝑤𝑎𝑡𝑒𝑟,𝐴𝐿𝐻(𝑥) = Φ𝑤𝑎𝑡𝑒𝑟,𝐷𝐶𝑇(𝑥) = Φ𝑤𝑎𝑡𝑒𝑟,𝐷𝐿𝐻(𝐿) Eq. A24 

In the collecting duct (CD), water reabsorption is driven by the osmotic gradient between the CD 

tubular fluid and the interstitium, and is modulated by vasopressin, as described later: 

 Φwater,reabs− CD = 𝜇𝑣𝑎𝑠𝑜𝑝𝑟𝑒𝑠𝑠𝑖𝑛Φwater,CD(0) ∗ (1 −
𝑂𝑠𝑚𝐶𝐷(𝐿)

𝑂𝑠𝑚𝐼𝑆(𝐿)
) Eq. A25 

Where the osmolality in the CD OsmCD(L) accounts for sodium reabsorbed in the collecting duct: 

 𝑂𝑠𝑚𝐶𝐷(𝐿) =
Φosm,cd (0)−2∗(ΦNa,cd(0)− ΦNa,cd(𝐿))

Φwater,CD(0)
   Eq. A26 

Then, single nephron water excretion rate is given by: 



 Φwater,CD(𝐿) = Φwater,CD(0) − Φwater,reabs− CD  Eq. A27 

And urine flow rate is then: 

 Φurine = SNGFR ∗ Φwater,CD(𝐿) Eq. A28 

Whole Body Sodium and Water Balance and Peripheral Sodium Storage 

We incorporated that three compartment model of volume homeostasis into the renal physiology model, to 

allow evaluation of the potential role of peripheral sodium storage in the renal response to dapagliflozin. 

Titze et al have demonstrated dynamic changes in non-osmotically stored sodium in peripheral tissues 

(Hammon et al. 2015), and we have previously shown that this mechanism is necessary in order explain 

constant plasma Na+ concentration observed with electrolyte-free water clearance with SGLT2 inhibition 

(Hallow et al., 2017). Parameters for this portion of the model are given in Table S1. Sodium and water are 

assumed to move freely between the blood and interstitial fluid. Water and sodium intake rates were assumed 

constant. Then blood volume (Vb) and blood sodium (Nablood) are the balance between intake and excretion 

of water and sodium respectively, and the intercompartmental transfer.  

 
𝑑

𝑑𝑡
(𝑉𝑏) = 𝑊𝑎𝑡𝑒𝑟𝑖𝑛 − 𝑊𝑎𝑡𝑒𝑟𝑜𝑢𝑡 + 𝑄𝑤𝑎𝑡𝑒𝑟([𝑁𝑎]𝑏𝑙𝑜𝑜𝑑 − [𝑁𝑎]𝐼𝐹) Eq.A29

  

 
𝑑

𝑑𝑡
(𝑁𝑎𝑏𝑙𝑜𝑜𝑑) = ΦNa,intake − ΦNa,excretion + 𝑄𝑁𝑎([𝑁𝑎]𝐼𝐹 − [𝑁𝑎]𝑏𝑙𝑜𝑜𝑑) Eq. A30 

Sodium concentrations in the blood and interstitial compartments are assumed to equilibrate quickly. Change 

in interstitial fluid volume (IFV) is a function of intercompartmental water transfer.  

 
𝑑

𝑑𝑡
(𝐼𝐹𝑉) =  𝑄𝑤𝑎𝑡𝑒𝑟([𝑁𝑎]𝐼𝐹 − [𝑁𝑎]𝑏𝑙𝑜𝑜𝑑) Eq. A31 



When interstitial sodium concentration [Na]IF exceeds the normal equilibrium level [Na]IF,ref, Na+ moves out 

of the interstitium and is sequestered in the peripheral Na+ compartment, at a rate of ΦNa,stored, where it is 

osmotically inactive. Thus, the change interstitial fluid sodium depends on intercompartmental transfer and 

peripheral storage. Sodium cannot be stored indefinitely, and thus there is a limit Nastored,max on how 

much sodium can be stored. The peripheral sodium compartment can be effectively removed from the model 

by setting QNa,stored to zero.  

 

 ΦNa,stored = 𝑄𝑁𝑎,𝑠𝑡𝑜𝑟𝑒𝑑 ∗
(𝑁𝑎𝑠𝑡𝑜𝑟𝑒𝑑,𝑚𝑎𝑥−𝑁𝑎𝑠𝑡𝑜𝑟𝑒𝑑)

𝑁𝑎𝑠𝑡𝑜𝑟𝑒𝑑,𝑚𝑎𝑥
([𝑁𝑎]𝐽𝐹 − [𝑁𝑎]𝐼𝐹,𝑟𝑒𝑓)   Eq. A32 

 
𝑑

𝑑𝑡
(𝑁𝑎𝑠𝑡𝑜𝑟𝑒𝑑) = ΦNa,stored  Eq. A33 

 
𝑑

𝑑𝑡
(𝑁𝑎𝐼𝐹) = 𝑄𝑁𝑎([𝑁𝑎]𝑏𝑙𝑜𝑜𝑑 − [𝑁𝑎]𝐼𝐹) − ΦNa,stored  Eq. A34 

 

Blood and IF sodium concentrations are then given by: 

 [𝑁𝑎]𝑏𝑙𝑜𝑜𝑑 =
𝑁𝑎𝑏𝑙𝑜𝑜𝑑

𝑉𝐵
 Eq. A35 

 [𝑁𝑎]𝐼𝐹 =
𝑁𝑎𝐼𝐹

𝐼𝐹𝑉
 Eq. A36 

Tubular Hydrostatic Pressure 

Hydrostatic pressure in the Bowman’s space is a key factor affecting GFR, and this pressure is influenced 

by both morphology and flow rates through the tubule. Changes in Na and water reabsorption along the 

nephron, which can occur either due to disease or treatments, can alter GFR by altering tubular pressures. 

Thus dynamically modeling tubular pressures can be critical to understanding GFR changes.   



Adapting from Jensen et al(16), tubular flow rates described in the main text can be used to determine tubular 

pressure. The change in intratubular pressure dP* over a length of tubule dx can be defined according to 

Poiseuille’s law as: 

 dP∗ =  −
128µ

πD4 Φwater(x)dx Eq. A37 

Eq. 36 describes the relationship between transtubular pressure P and tubular diameter D, where Dc is the 

diameter at control pressure Pc, and β is the exponent of tubular distensibility. 

 
D

Dc
= (

P

Pc
)

β
 Eq. A38 

Substituting and assuming uniform interstitial pressure throughout the kidney, we obtain: 

 dP =  −
128η

πDc
4 (

Pc

P
)

4β
Φwater(x) dx Eq A39 

Integrating over a tubule segment length, we obtain inlet pressure as a function of the outlet pressure and the 

flow rate: 

 Pin = [Pout
4β+1

+
(4β+1)128ηPc

4β

πDc
4 ∫ Φwater(x)𝑑𝑥

𝐿

0
]

1

4β+1

 Eq A40 

The pressure calculated at the inlet to the PT is used as PBow in Eq. A5 above.  

Because the diameter of the CNT/CD changes as nephrons coalescence, calculating pressure along this 

segment is challenging. Under normal conditions, pressure drops 5-7mmHg across the CNT/CD. Thus, an 

effective control diameter was calculated to give this degree of pressure drop under baseline conditions.  

Glomerular Capillary Oncotic Pressure 

The glomerular capillary oncotic pressure is calculated using the Landis Pappenheimer equation, where Cprot 

is the concentration of protein at the point of interest.  



 π = 1.629 ∗ Cprot + 0.2935 ∗ Cprot
2  Eq. A41 

Plasma protein (Cprot-plasma) is assumed constant. Protein concentration at the distal end of the glomerulus 

(Cprot-glom-out) is determined as: 

 Cprot−glom−out = Cprot−plasma ∗
RBF

RBF−GFR
 Eq. A42 

Protein concentration is assumed to be varying linearly along the capillary length, and thus the oncotic 

pressure 𝜋𝑔𝑜−𝑎𝑣𝑔 is calculated using the average of the plasma protein concentration and protein 

concentration at the distal end of the glomerulus. 

 The model does not account for filtration equilibrium, which may occur in some species.  

Regulatory Mechanisms 

Multiple control mechanisms act on the system to allow simultaneous control of Cna, CO, MAP, glomerular 

pressure, and RBF. For each control mechanism, the feedback signal µ is modeled by one of two functional 

forms. The choice of functional form is determined by whether a steady state error is allowed in the 

controlled variable X. When a steady state error is not allowed (i.e. X always eventually returns to the 

setpoint X0), the effect is defined by a proportional-integral (PI) controller. The initial feedback signal is 

proportional to the magnitude of the error (X-X0), with gain G. But the feedback continues to grow over time 

as long as  any error exists, until the error returns to zero. The integral gain Ki determines the speed of return 

to steady-state.  

 𝜇 = 1 + 𝐺 ∗ ((𝑋 − 𝑋0) + 𝐾𝑖 ∗ ∫(𝑋 − 𝑋0)𝑑𝑡) Eq. A43 

All other mechanisms, for which the controlled variable can deviate from the setpoint at steady-state, are 

described by a logistic equation that produces a saturating response characteristic of biological signals: 

 



 𝜇 = 1 + 𝑆 ∗ (
1

1+exp(
𝑋−𝑋0

𝑚
)

− 0.5) Eq. A44 

Here, m defines the slope of the response around the operating point, and S is the maximal response as 

X goes to ±∞.  

Control of plasma Na concentration by vasopressin 

Changes in plasma osmolality are sensed via osmoreceptors, stimulating vasopressin secretion, which exerts 

control of water reabsorption in the CNT/CD. To insure that blood sodium concentration CNa is maintained 

at its setpoint CNa,0 at steady state, this process is modeled by a PI controller: 

 μvasopressin = 1 + GNa−vp ∗ (CNa + Ki−vp ∗ ∫(CNa − CNa,0)dt) Eq. A45 

The parameters GNa-vp and Ki-vp are gains of proportional and integral control, respectively. 

Tubular Pressure Natriuresis 

For homeostasis, Na excretion over the long-term must exactly match Na intake (the principle of Na 

balance). Any steady-state Na imbalance would lead to continuous volume retention or loss– an untenable 

situation. Pressure-natriuresis(2),  wherein changes in renal perfusion pressure (RPP) induce changes in Na 

excretion, insures that Na balance is maintained. It may be partially achieved through neurohumoral 

mechanisms including the RAAS, but there is also an intrinsic pressure-mediated effect on tubular Na 

reabsorption, where renal interstitial hydrostatic pressure (RIHP) is believed to be the driving signal. RIHP 

is a function of peritubular capillary pressure, and is calculated according to Ohm’s law: 

 Pperitubular = MAP − RBF ∗ (Rpreaff +
Raff+Reff

Nnephrons
) Eq. A46 

As a simplification, we assume an increase in peritubular pressure will generate a proportional increase in 

RIHP.  Since the kidney is encapsulated, we assume interstitial pressure equilibrates and changes in one 



region are transduced across the kidney. The relationship between RIHP and fractional Na reabsorption rate 

of each tubular segment is then modeled as: 

   ηi−sodreab = ηi−sodreab,0 ∗ (1 + SP−N,i ∗ (
1

1+exp(RIHP−𝑅𝐼𝐻𝑃0)
− 0.5))  Eq. A47 

where i = PT, LoH, DCT, or CNT/CD. 𝜂𝑖−𝑠𝑜𝑑𝑟𝑒𝑎𝑏,0 is the nominal fractional rate of reabsorption for that 

tubule segment. RIHP0  defines the setpoint pressure and is determined from RIHP at baseline for normal Na 

intake. SP-N,i defines the maximal signal as RIHP goes to ∞. 

 

Control of Cardiac Output  

CO, which describes total blood flow to body tissues, returns to normal over days to weeks following a 

perturbation (38). CO regulation is a complex phenomenon that occurs over multiple time scales, but we 

focus only on long-term control (days to weeks), which is thought to be achieved through whole-body 

autoregulation - the intrinsic ability of organs to adjust their resistance to maintain constant flow(38). The 

total effect of local autoregulation of all organs is that TPR is adjusted to maintain CO at a constant resting 

level. The feedback between CO and TPR is modeled with a PI controller, such that CO is controlled to its 

steady-state setpoint CO0. 

 TPR = TPR 0 ∗ (1 + GCO−tpr ∗ (CO + Ki−tpr ∗ ∫(CO − CO0)dt)) Eq. A48 

 

Control of Macula Densa Sodium Concentration by Tubuloglomerular Feedback 

Tubuloglomerular feedback (TGF) helps stabilize tubular flow by sensing Na concentration in the the macula 

densa, which sits between the LoH and DCT, and providing a feedback signal to inversely change afferent 

arteriole diameter. The TGF effect is defined as: 



 μTGF = 1 + STGF ∗ (
1

1+exp(
C𝑁𝑎,MD,0−CNa,MD

mTGF
)

− 0.5) Eq. A49 

The basal afferent arteriole resistance Raa is then multiplied by μTGF to obtain the ambient afferent arteriolar 

resistance. The setpoint CNa,MD,0 is the Na concentration out of the LoH and into the DCT in the baseline 

state at normal Na intake.  

Myogenic Autoregulation of Glomerular Pressure 

Glomerular hydrostatic pressure is normally tightly autoregulated, and changes very little in response to 

large changes in blood pressure. This autoregulation is in part through myogenic autoregulation of the 

preglomerular arterioles. While the pressure drop and thus myogenic response varies along the arteriole 

length, we make the simplifying assumption that the preafferent vasculature responds to control pressure at 

the distal end.  

 𝜇𝑎𝑢𝑡𝑜𝑟𝑒𝑔 = 1 + 𝑆𝑎𝑢𝑡𝑜𝑟𝑒𝑔 ∗ (
1

1+exp(
𝑃𝑝𝑟𝑒𝑎𝑓𝑓𝑒𝑟𝑒𝑛𝑡−𝑃𝑝𝑟𝑒𝑎𝑓𝑓𝑒𝑟𝑒𝑛𝑡,0

𝑚𝑎𝑢𝑡𝑜𝑟𝑒𝑔
)

− 0.5)  Eq. A50 

Pressure at the distal end of the preafferent vasculature is given by: 

 𝑃𝑝𝑟𝑒𝑎𝑓𝑓𝑒𝑟𝑒𝑛𝑡 = 𝑀𝐴𝑃 − 𝑅𝐵𝐹 ∗ 𝑅𝑝𝑟𝑒𝑎𝑓𝑓  Eq. A51 

The basal preafferent arteriole resistance Rpreaff is then multiplied by μautoreg to obtain the ambient preafferent 

arteriolar resistance.   

 

Renin-Angiotensin-Aldosterone System Submodel 

Renin is secreted at a nominal rate SECren,0 modulated by macula densa sodium flow, as well as by 

a strong negative feedback from Angiotensin II bound to the AT1 receptor.  



 𝑆𝐸𝐶𝑟𝑒𝑛𝑖𝑛 = µ𝑚𝑑−𝑟𝑒𝑛𝑖𝑛 ∗ µ𝐴𝑇1 ∗ µ𝑟𝑠𝑛𝑎 ∗ 𝑆𝐸𝐶𝑟𝑒𝑛𝑖𝑛,0 Eq. A52 

The macula densa releases renin in response to reduced sodium flow:  

 µ𝑚𝑑−𝑟𝑒𝑛𝑖𝑛 = 𝑒−𝐴𝑚𝑑−𝑟𝑒𝑛(𝜙𝑁𝑎,𝑚𝑑− 𝜙𝑁𝑎,𝑚𝑑,0) Eq. A53 

We have found that the inhibitory effect of AT1-bound AngII on renin secretion can be well described by 

the following relationship: 

 µ𝐴𝑇1 = AAT1,ren (
AT1−bound−AngII

AT1−bound−AngII0
) Eq. A54 

Renal sympathetic nerve activity is assumed to exert a linear effect on renin secretion. Renin secretion may 

also be controlled by baroreceptors in the afferent arteriole. However, it is difficult to distinguish between 

the effects of macula densa sodium flow and preafferent pressure in most experiments, since these variables 

move in the same direction. As a simplifying assumption, and because have previously found that is provides 

a better fit to available data (results not published), we neglected the baroreceptor effect and implicitly 

assume that it is accounted for by the effect of macula-densa sodium flow.  

 

 

Plasma renin concentration (PRC) is then given by:  

 
𝑑(𝑃𝑅𝐶)

𝑑𝑡
= 𝑆𝐸𝐶𝑟𝑒𝑛𝑖𝑛 − 𝐾𝑑,𝑟𝑒𝑛𝑖𝑛 ∗ 𝑃𝑅𝐶 Eq. A55 

Where Kd,renin is the renin degradation rate. PRA can be related to PRC by the conversion factor 0.06 

(ng/ml/hr)/(pg/ml). 

  

Angiotensin I is formed by PRA, assuming that its precursor angiotensinogen is available in excess and the 

plasma renin activity (PRA) is the rate-limiting step. AngI is also converted to AngII by the enzymes ACE 

and chymase, and is degraded at a rate of Kd,AngI. 

 
𝑑(𝐴𝑛𝑔𝐼)

𝑑𝑡
= 𝑃𝑅𝐴 − (𝐴𝐶𝐸 + 𝐶ℎ𝑦𝑚𝑎𝑠𝑒) ∗ 𝐴𝑛𝑔𝐼 − 𝐾𝑑,𝐴𝑛𝑔𝐼𝐴𝑛𝑔𝐼 Eq. A56 

Angiotensin II is formed from the action of ACE and chymase on AngI, can be eliminated by binding to 

either the AT1 or AT2 receptors at the rate KAT1 and KAT2 respective, and is degraded at a rate of Kd,AngII.  



 
𝑑(𝐴𝑛𝑔𝐼𝐼)

𝑑𝑡
= (𝐴𝐶𝐸 +  𝐶ℎ𝑦𝑚𝑎𝑠𝑒) ∗ 𝐴𝑛𝑔𝐼 − (𝐾𝐴𝑇1 + 𝐾𝐴𝑇2) ∗ 𝐴𝑛𝑔𝐼𝐼 − 𝐾𝑑,𝐴𝑛𝑔𝐼𝐼𝐴𝑛𝑔II  Eq. 

A57 

The complex of Angiotensin II bound to the AT1 receptor is the physiologically active entity within the 

pathway, and is given by: 

 
𝑑(𝐴𝑇1𝑏𝑜𝑢𝑛𝑑𝐴𝑛𝑔𝐼𝐼

)

𝑑𝑡
= (𝐾𝐴𝑇1) ∗ 𝐴𝑛𝑔𝐼𝐼 − 𝐾𝑑,𝐴𝑇1𝐴𝑇1_𝑏𝑜𝑢𝑛𝑑_𝐴𝑛𝑔𝐼𝐼   Eq. A58 

AT1-bound AngII has multiple physiologic effects, including constriction of the efferent, as well and 

preglomerular, afferent, and systemic vasculature, sodium retention in the PT, and aldosterone secretion. 

Each effect is modeled as: 

 μAT1,i = 1 + SAT1,i ∗ (
1

1+exp(
AT1−boundAngII0

−AT1−bound_AngII

mAT1,i
)

− 0.5)

 Eq. A59  

where i represents the effect on efferent, afferent, preafferent, or systemic resistance, PT sodium 

reabsorption, or aldosterone secretion. 

Aldosterone is the second physiologically active entity in the RAAS pathway, acting by binding to 

mineralocorticoid receptors (MR) in the CNT/CD and DCT to stimulate sodium reabsorption. MR-bound 

aldosterone is modeled as the nominal concentration Aldo,0 modulated by the effect of AT1-bound AngII, 

and the normalized availability of MR receptors (1 in the absence of an MR antagonist). 

 𝑀𝑅 − 𝑏𝑜𝑢𝑛𝑑_𝐴𝑙𝑑𝑜 = 𝐴𝑙𝑑𝑜0 ∗ µ𝐴𝑇1*MR Eq. A60 

The effects of MR-bound aldosterone on CNT/CD and DCT sodium reabsorption are modeled as:   

 𝜇𝑎𝑙𝑑𝑜,𝑖 = 1 + 𝑆𝑎𝑙𝑑𝑜,𝑖 ∗ (
1

1+𝑒𝑥𝑝(
𝑀𝑅−𝑏𝑜𝑢𝑛𝑑 𝐴𝑙𝑑𝑜0−𝑀𝑅−𝑏𝑜𝑢𝑛𝑑 𝐴𝑙𝑑𝑜

𝑚𝑎𝑙𝑑𝑜,𝑖
)

− 0.5) Eq. A61 

Where i is the  CNT/CD or DCT.  



Cardiac Model 

The ventricular mechanics portion of the model was adapted from a previously published model by Arts, 

Bovendeerd, and colleagues (1, 6). Many equations were used verbatim from these previous papers. We 

repeat those equations here for the reader’s convenience, but refer the reader to the original publication 

for more complete explanation. Here we present equations for the left ventricle; analogous equations 

were used for the right ventricle. 

The volume of blood inside the left ventricle chamber Vlv is given by: 

 
𝑑(𝑉𝑙𝑣)

𝑑𝑡
= 𝑄𝑚𝑖𝑡𝑟𝑎𝑙 − 𝑄𝑎𝑜𝑟𝑡𝑎 Eq. A62 

where Qmitral and Qaorta are blood flow rates through the mitral and aortic valves, respectively, as 

described later. Bovendeerd et al showed that left ventricular pressure Plv can be related to LV volume Vlv 

and LV wall volume Vw by the following (Ref 6, Eq. 7): 

 𝑃𝑙𝑣 =
1

3
(𝜎𝑓 − 2𝜎𝑚,𝑟) ln (1 +

𝑉𝑤

𝑉𝑙𝑣
) Eq. A63 

Here f and m,r are mechanical stresses in the myocardium along the longitudinal fiber the radial 

direction respectively. f  is comprised of the sum of the passive stress along the fiber m,f  and active 

fiber stress a . The passive stress along the fiber is a function of the longitudinal stretch along the fiber λf 

and the myocardial longitudinal stiffness cf (Ref 6, Eq. 14). 

 𝜎𝑚,𝑓(𝜆𝑓) =  {
𝜎𝑓0 (𝑒𝑐𝑓(𝜆𝑓−1) − 1)

0
}  

𝜆𝑓 ≥ 1

𝜆𝑓  < 1 
 Eq. A64 

And mean passive radial stress is a function of the radial stretch λr and the myocardial radial stiffness cr 

(Ref 6, Eq. 15). 



 𝜎𝑚,𝑟(𝜆𝑟) =  {
𝜎𝑟0(𝑒𝑐𝑟(𝜆𝑟−1) − 1)

0
}  

𝜆𝑟 ≥ 1
𝜆𝑟  < 1 

 Eq. A65 

 

As shown by Bovendeerd et al, the longitudinal stretch λf is related to chamber blood volume and wall 

volume by (Ref 6, Eq. 8): 

 λf = (
Vlv+

1

3
Vw

Vlv,cavity+
1

3
Vw

)

1

3

 Eq. A66 

Vlv,cavity is the chamber volume at zero transmural pressure.  

The radial stretch λr is given by (Ref 6, Eq. 9): 

 𝜆𝑟 =  𝜆𝑓
−2  Eq. A67 

where Cf and Cr are the stiffness of the myocardial tissue in the longitudinal and radial directions, 

respectively.  

LV active stress is a function of contractility (c), sarcomere length ls, sarcomere shortening velocity Vs, and 

time elapsed since beginning of contraction (ta). These equations were taken exactly as shown in Ref 6, Eq. 

10 - 13.   

 

 

Table S1. Baseline Renal Model Parameters 

 

Parameter Definition Value Units 



β Tubular compliance 0.2 - 

ηNa, CNT-CD Fractional rate of CNT/CD Na+ reabsorption 0.827* - 

ηNa, DCT Fractional rate of DCT Na+ reabsorption 0.5 - 

ηNa, ALH Fractional rate of PT Na+ reabsorption 

through PT NHE3 

0.8 - 

ηNa, reabs-PT,NHE3 Fractional rate of PT Na+ reabsorption 

through PT NHE3 

0.3 - 

ηNa, reabs-PT,other Fractional rate of PT Na+ reabsorption 

through non-NHE3, non-SGLT2 mechanisms 

0.35 - 

ΦNa,ALH0 Rate of sodium delivered to the ALH under 

baseline conditions 

2.02* µl/min 

ΦNa,intake Sodium intake rate 100 mEq/day 

τx,SGLT Time constant for SGLT expression 
adaptation 

  

B LoH flow dependence coefficient 0.75 - 

Cglu Plasma glucose concentration 5 mmol/L 

Calbumin Plasma albumin concentration 35 mg/dl 

Cprot Plasma protein concentration 7 g/dl 

daa0 Nominal afferent arteriole diameter 11 µm 

dea0 Nominal efferent arterial diameter 16.5 µm 

Dc,cnt-cd Connecting tubule/collecting duct effective 

diameter at control pressure 

22 µm 

Dc,dct Distal convoluted tubule diameter at control 

pressure 

17 µm 

Dc,lh Loop of Henle diameter at control pressure 17 µm 

Dc,pt Proximal tubule diameter at control pressure 27 µm 

Jglu,s12 Rate of glucose reabsorption through SGLT2 

in the PT S1 and S2 segment per unit length 

0.2 mmol/min/ 

mm 



Jglu,s3 Rate of glucose reabsorption through SGLT1 

in the PT S3 segment per unit length 

0.025 mmol/min/ 

mm 

Kalbumin0 Albumin sieving coefficient 0.06 % 

Kf0 Glomerular ultrafiltration coefficient 4 L/min-mmHg 

Laa Average afferent arteriole length 73.6* µm 

Lea Average efferent arteriole length 73.6* µm 

LCNT-CD Connecting tubule/collecting duct effective 

length 

10 mm 

Ldct Distal convoluted tubule length 5 mm 

LLoH,Asc Ascending loop of Henle length 10 mm 

LLoH,Desc Descending loop of Henle length 10 mm 

Lpt,s1 Length of the PT S1 segment 5 mm 

Lpt,s2 Length of the PT S2 segment 5 mm 

Lpt,s3 Length of the PT S3 segment 4 mm 

Nnephrons Number of nephrons 2e6 - 

[Na]ref Normal blood/IF equilibrium sodium 

concentration 

140 mmol/L 

Nastored Maximum peripherally stored sodium 2000 Mmol 

Pc,cnt-cd CNT/CD control pressure 5 mmHg 

Pc,dt DCT control pressure 6 mmHg 

Pc,lh,asc Ascending loop of Henle control pressure 7 mmHg 

Pc,lh,desc Descending loop of Henle control 

pressure 

8 mmHg 

Pc,pt,s1 PT S1 segment control pressure 20.2 mmHg 

Pc,pt,s2 PT S2 control pressure 15 mmHg 

Pc,pt,s3 PT S3 control pressure 11 mmHg 



Qwater Rate constant for water transfer 

between blood and IF 

1 1/min 

QNa Rate constant for sodium transfer 

between blood and IF 

1 1/min 

QNa,storage Rate constant for sodium storage/release 

from the peripheral compartment 

0.02 1/min 

Rpreaff,0 Nominal preafferent arteriole resistance 14 mmHg-min/L 

RCalbumin PT capacity for albumin reabsorption 1.7 pg/min/tubule 

µ Blood viscosity 5e-7 mmHg-min 

Waterin Water intake rate 2.1 L/day 

Xsglt,max Maximum increase in SGLT expression 30 % 

*Value calculated based on other parameters under baseline conditions 

 

Table S2. Regulatory mechanisms model parameters 

Parameter Definition Value Units 

ΦNa,md,0 Setpoint for sodium flow delivered to the 

macula densa 

0.885* µl/min 

Amd-renin Scaling factor for macula densa renin 

secretion 

0.9 - 

Aldo` Aldosterone concentration setpoint 85 pg/ml 

AT1-bound-AngII0 AT1-bound AngII setpoint 16.6* pg/ml 

CNA,MD,0 Macula Densa sodium concentration 

setpoint 

63.3* mEq/L 

GCO-tpr Proportional gain for cardiac output – TPR 

controller 

0.1 - 

GNa-vp Proportional gain for vasopressin control of 

sodium concentration 

0.1 - 

Ki-tpr Integral gain for vasopressin control of 

sodium concentration 

0.1 - 



Ki-vp Integral gain for vasopressin control of 

sodium concentration 

0.005 - 

maldo,cnt-cd Slope factor for aldosterone effect on 

CNT/CD sodium reabsorption 

0.5 - 

maldo,dct Slope factor for aldosterone effect on 

CNT/CD sodium reabsorption 

0.5 - 

mAT1-aff Slope factor for AT1-bound AngII effect on 

afferent resistance 

16 - 

mAT1-eff Slope factor for AT1-bound AngII effect on 

efferent resistance 

16 - 

mAT1-preaff Slope factor for AT1-bound AngII effect on 

preafferent resistance 

16 - 

mAT1-pt Slope factor for AT1-bound AngII effect on 

proximal tubule Na+ reabsorption 

16 - 

mautoreg Myogenic autoregulation slope factor 2 - 

mTGF Tubuloglomerular feedback signal slope 

factor 

6 - 

Ppreafferent,0 Preafferent arteriole pressure setpoint 71* mmHg 

RIHP0 Renal interstitial hydrostatic pressure 

setpoint 

9.66* mmHg 

Saldo-cnt-cd Scaling factor for aldosterone effect on 

CNT/CD sodium reabsorption 

0.2 - 

Saldo-dct Scaling factor for aldosterone effect on DCT 

sodium reabsorption 

0.05 - 

SAT1-aldo Scaling factor for AT1-bound AngII effect on 

aldosterone secretion 

0.02 - 

SAT1-aff Scaling factor for AT1-bound AngII effect on 

afferent resistance 

0.8 - 

SAT1-eff Scaling factor for AT1-bound AngII effect on 

efferent resistance 

0.8 - 



SAT1-preaff Scaling factor for AT1-bound AngII effect on 

preafferent resistance 

0.8 - 

SAT1-pt Scaling factor for AT1-bound AngII effect on 

proximal tubule Na+ reabsorption 

0.1 - 

Sautoreg Preafferent autoregulation signal scaling 

factor 

1 - 

STGF Tubuloglomerular feedback signal scaling 

factor 

0.7 - 

SP-N,CNT-DC CNT-DC pressure-natriuresis signal scaling 

factor 

0.5 - 

SP-N,DCT DCT pressure-natriuresis signal scaling 

factor 

0.1 - 

SP-N,LoH LoH pressure-natriuresis signal scaling 

factor 

0.1 - 

SP-N,PT PT pressure-natriuresis signal scaling factor 0.5 - 

 

Table S3. Renin Angiotensin Aldosterone System model parameters  

Parameter Definition Value Units 

ACE ACE activity 47.65* /min 

Chymase Chymase activity 2.5* /min 

KAT1 AT1-receptor binding rate 12.1* /min 

KAT2 AT2-receptor binding rate 4* /min 

Kd,AngI AngI degradation rate 0.0924 /min 

Kd,AngI AngII degradation rate 0.146 /min 

Kd,AT1 AT1-bound AngII degradation rate 3.47 /min 

Kd,renin Renin degradation rate 4 /min 

 

 



Table S4. Renal Disease Model Parameters 

Parameter Definition Value Units Eq. 

ΔSAmax Maximal glomerular surface area increase 50 % 30 

ΔPerm Decrease in glomerular membrane 
permeability 

0 % 31 

γ Hill coefficient for glomerular pressure 
effect on podocyte injury 

2 - 32 

µother,seiv Podocyte damage due to non-
hemodynamic factors 

0 - 33 

τSA Time constant for glomerular hypertrophy   30 

Emax Maximum fold increase in sieving 
coefficient  due to glomerular pressure 

4 - 32 

Km,gp,seiv Glomerular pressure difference that elicits 
half the maximal effect on albumin seiving 

25 mmHg 32 

PGC0 Glomerular hydrostatic pressure above 
which podocyte injury occurs 

65 mmHg 29 

Xsglt,max Maximum increase in SGLT expression 30 % 26 

 

 

Table S5. Model Initial Conditions 

Variable Definition Value Units 

AngI Angiotensin I 8.164* pg/mg 

AngII Angiotensin II 5.17* pg/mg 

AT1-bound AngII AT1-bound AngII 16.6* pg/mg 

AT2-bound AngII AT2-bound AngII 5.5* pg/mg 

CO Cardiac Output 5 L/min 

BV Blood Volume 5 L 

IFV Interstitial Fluid Volume 12 L 

Nablood Blood sodium amount 700 mEq 

NaIF Interstitial sodium amount 1400 mEq 

Nastored Stored sodium amount 0 mEq 

PRC Plasma Renin Concentration 17.84 pg/ml 

 


